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State Estimation and Non-linear Filtering

State-observation Model

state evolution v †n+1 = Ψ(v †n) + ξ†n, (1a)

observation evolution y †n+1 = h(v †n+1) + η†n+1, (1b)

probabilistic info v †0 ∼ N(m0,C0), ξ†n ∼ N(0,Σ) i.i.d., η†n ∼ N(0, Γ) i.i.d. (1c)

The Problem

From Y †
n = {y †ℓ }1≤ℓ≤n and known Ψ and h

• State Estimation: output vn from Y †
n so that {vn}n∈Z+ estimates {v †n}n∈Z+ ;

• Filtering: estimate the distribution of random variable v †n |Y †
n ∼ µn.
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State Estimation and Non-linear Filtering

Sample Path Picture

v̂n+1 = Ψ(vn) + ξn, (2a)

ĥn+1 = h(v̂n+1) + ηn+1, (2b)

vn+1 = v̂n+1 + Kn+1(y
†
n+1 − ĥn+1). (2c)

Filtering Cycle

Prediction:
v̂n+1 = Ψ(vn) + ξn.

Analysis:

vn+1 = v̂n+1 + Kn+1

(
y †n+1 − h

(
v̂n+1

)
− ηn+1

)
.
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Roadmap to Ensemble Kalman Methods

Transport perspective: Daum et al. [2010], Reich [2011], El Moselhy and Marzouk
[2012], Cotter and Reich [2013], Spantini et al. [2019].
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Maps on Measures

Sample Paths: vn ∼ µn

v̂n+1 ∼ µ̂n+1

(v̂n+1, ĥn+1) ∼ νn+1

vn+1 ∼ µn+1

Evolution on Measures

µ̂n+1 = Pµn, (4a)

νn+1 = Qµ̂n+1, (4b)

conditioning µn+1 = Bn(νn+1), (4c)

Filtering Cycle

Prediction µ̂n+1 = Pµn, (5a)

Application of Bayes’ theorem µn+1 = BnQ(µ̂n+1). (5b)
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Gaussian Projected Filtering

Let µG
n = N(mn,Cn).

Gaussian Projection

µ̂G
n+1 = PµG

n , (6a)

νGn+1 = Qµ̂G
n+1, (6b)

conditioning µG
n+1 = Bn(GνGn+1). (6c)

Gaussian Projected Filter

mean evolution mn+1 = m̂n+1 + Ĉ vy
n+1(Ĉ

yy
n+1)

−1
(
y †n+1 − Eh(v̂n+1)

)
, (7a)

covariance evolution Cn+1 = Ĉn+1 − Ĉ vy
n+1(Ĉ

yy
n+1)

−1
(
Ĉ vy
n+1

)⊤
, (7b)
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From Perfect to Approximate Transport

Mean-Field Sample Path on State Space

v̂n+1 = Ψ(vn) + ξn, (8a)

ŷn+1 = h(v̂n+1) + ηn+1, (8b)

vn+1 = T (v̂n+1, ŷn+1; νn+1, y
†
n+1). (8c)

Transport of Measures

µ̂n+1 = Pµn, (9a)

νn+1 = Qµ̂n+1, (9b)

µn+1 = (Tn)
♯νn+1. (9c)
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From Perfect to Approximate Transport

Second Order Mean-Field Sample Path on State Space

v̂n+1 = Ψ(vn) + ξn, (10a)

ŷn+1 = h(v̂n+1) + ηn+1, (10b)

vn+1 = T̃ (v̂n+1, ŷn+1; νn+1, y
†
n+1). (10c)

Transport of Measures

µ̂n+1 = Pµn, (11a)

νn+1 = Qµ̂n+1, (11b)

µn+1 = (T̃n)
♯νn+1. (11c)
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Approximate Transport

Second Order Transport

Seek T̃ such that for any ν
G
(
(T̃n)

♯ν
)
= Bn(Gν). (12)

Second Order Mean-Field

Seek T̃ in the form

vn+1 = T̃ (v̂n+1, ŷn+1; ν, y
†) := Av̂n+1 + Bŷn+1 + a. (13)

s.t. vn+1 has mean and covariance given by the Gaussian Projected Filter (7).
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Approximate Transport

Choice B = 0 and A = C
1
2
n+1Ĉ

− 1
2

n+1

T̃ (v̂n+1, ŷn+1; νn+1, y
†
n+1) := mn+1 + C

1
2
n+1Ĉ

− 1
2

n+1(v̂n+1 − Ev̂n+1), (14)

Choice B = −Ĉ vy
n+1(Ĉ

yy
n+1)

−1 and A = I

T̃ (v̂n+1, ŷn+1; ν̃n+1, y
†
n+1) := v̂n+1 + Ĉ vy

n+1(Ĉ
yy
n+1)

−1(y †n+1 − ŷn+1), (15)

We refer to (15) as Kalman Transport. Set Kn+1 = Ĉ vy
n+1(Ĉ

yy
n+1)

−1.
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Particle Approximation

Ensemble Kalman Filter

Prediction: v̂
(j)
n+1 = Ψ(v

(j)
n ) + ξ

(j)
n , n ∈ Z+, (16a)

ŷ
(j)
n+1 = h(v̂

(j)
n+1) + η

(j)
n+1, n ∈ Z+, (16b)

Analysis: v
(j)
n+1 = v̂

(j)
n+1 + Kn+1

(
y †n+1 − ŷ

(j)
n+1

)
, (16c)

νJn+1 =
1

J

J∑
j=1

δ
(v̂

(j)
n+1,ŷ

(j)
n+1)

. (16d)

Ĉ vh
n+1 =EJ

n+1

((
v̂n+1 − EJ

n+1v̂n+1

)
⊗
(
ŷn+1 − EJ

n+1h(v̂n+1)
))

, (17a)

Ĉhh
n+1 =EJ

n+1

((
ŷn+1 − EJ

n+1h(v̂n+1)
)
⊗
(
ŷn+1 − EJ

n+1h(v̂n+1)
))

+ Γ. (17b)
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Set-up and Assumptions

Sample Paths: Ψ and h bounded

vn+1 = Ψ(vn) + ξn

yn+1 = h(vn+1) + ηn+1.

Maps on Measures Set-up

µn+1 = Bn(QPµn),

µMF
n+1 = (T̃n)

♯(QPµMF
n ).

Weighted Total Variation Metric

Let g(v) = 1 + |v |2.

dg (µ1, µ2) = sup
|f |≤g

∣∣µ1[f ]− µ2[f ]
∣∣, µ[f ] :=

∫
f (u)µ(du). (20)
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Error Estimate for Mean-Field EnKF

Assumption: True Filter is Close to Gaussian

True filter {µn} satisfies

sup
0≤n≤N

dg (GQPµn,QPµn) ≤ ϵ. (21)

Theorem (Carrillo et al. [2022])

Let µMF
0 = µ0. Under Assumtion, there exists C > 0 such that

sup
0≤n≤N

dg
(
µn, µ

MF
n

)
≤ Cϵ. (22)

Ongoing Work

Extend analysis to Ψ and h being linear + bounded.
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Outlook: Error Estimate for EnKF

Goal

Under certain assumptions, obtain

sup
0≤n≤N

d
(
µn, µ

EK
n

)
≤ Cϵ. (23)

Idea: Non-Asymptotic + Asymptotic Analysis

d
(
µn, µ

EK
n

)
≤ d

(
µn, µ

MF
n

)
+ d

(
µMF
n , µEK

n

)
. (24)

Sample path non-asymptotic analysis in Ghattas and Sanz-Alonso [2023].
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The Lorenz ‘96 Model

Lorenz ’96 Singlescale [Lorenz, 1996]

Consider unknown v ∈ C (R+,RL) satisfying the equations

v̇ℓ = −vℓ−1(vℓ−2 − vℓ+1)− vℓ + F + hvm
(
vℓ
)
, ℓ = 1 . . . L , (25a)

vℓ+L = vℓ, ℓ = 1 . . . L . (25b)

Given Ψ the solution operator for (25), observations {y †n}n∈Z+ arise from the model

true state evolution v †n+1 = Ψ(v †n) + ξ†n, (26a)

true observation evolution y †n+1 = h(v †n+1) + η†n+1, (26b)

true probabilistic info ξ†n ∼N(0, σ2I ) i.i.d., η†n ∼ N(0, γ2I ) i.i.d. . (26c)
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Lorenz ‘96: 3DVAR and Synchronization to Overcome Chaos

(a) σ2 = 10−3, γ2 = 10−3 (b) σ2 = 10−1, γ2 = 10−1
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Ensemble Kalman Filter

Figure: σ2 = 10−1, γ2 = 10−1
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Approximate Transport

Lemma

Let (v̂n+1, ŷn+1) ∼ νn+1. If vn+1 given by (13) has mean given by (7a) then

an+1 = (I − A)Ev̂n+1 + Ĉ vy
n+1(Ĉ

yy
n+1)

−1y †n+1 −
(
B + Ĉ vy

n+1(Ĉ
yy
n+1)

−1
)
Eŷn+1.

Theorem

Let (v̂n+1, ŷn+1) ∼ νn+1. Then vn+1 defined by (13) has covariance (7b) if and only if

F Ĉ−1
n+1F

⊤ = Cn+1 − B
(
Ĉ yy
n+1 − (Ĉ vy

n+1)
⊤Ĉ−1

n+1Ĉ
vy
n+1

)
B⊤, (27)

where
F = AĈn+1 + B(Ĉ vy

n+1)
⊤. (28)
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Approximate Transport

Define, for positive definite W ∈ Rdv×dv ,

IW (A,B) =
1

2
E⟨(v − v̂),W (v − v̂)⟩.

Theorem

T̃ evaluated at an (A,B) minimizing IW (A,B) and satisfying (27) and (28) is an
optimal transport in the W−weighted Euclidean distance. For any positive definite W ,
such minimizers satisfy B = 0.

Example: Optimal Transport Solution

B = 0, S =
(
C

1
2 ĈC

1
2

)− 1
2
, A = C

1
2SC

1
2 .

5 / 7



Approximate Transport - Summary

Second Order Approximation

Let µMF denote the measure associated with using the mean-field map T̃n. Note

µn+1 = Bn(QPµn), µ0 = N(m0,C0), (29a)

µG
n+1 = Bn(GQPµ

G
n ), µG

0 = N(m0,C0), (29b)

and

µG
n+1 = G

(
(T̃n)

♯(QPµG
n )

)
, µG

0 = N(m0,C0), (30a)

µMF
n+1 = (T̃n)

♯(QPµMF
n ), µMF

0 = N(m0,C0). (30b)

Key question: when is T̃ ♯(·) close to B?
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Open Problems

• Theory:

• Determine conditions, under which the true state is well-approximated by the mean
or sample path of mean field models based on second order transport.

• Determine conditions under which the filtering distribution is well-approximated by
mean field models based on second order transport.

• Derive error bounds for particle approximations.

• Methodology:

• Given an ensemble of evaluations of the combined state-observation system,
determine the optimal way to estimate the state from an observation sequence, or
the filtering distribution.

• Investigate the role that machine learning might play in addressing the design of
algorithms.
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